Two alternative expressions exist for the diffusive flux in inhomogeneous systems: Fick's law and the Fokker-Planck law. Here we re-examine the origin of these expressions and perform numerical and physical experiments to shed light on this duality. We conclude that in general the Fokker-Planck expression should be conceded preference, in spite of the fact that Fick's law seems to be more popular.
Introduction
Diffusion is one of the most fundamental phenomena in physics. The modelling of (particle) diffusion is normally based on two assumptions. The first is the conservation of the number of particles:
∂n(x, t) ∂t
where n(x, t) is the particle density and (x, t) is the particle flux through the point x. Here and in the following, for simplicity we write all equations for one-dimensional systems, the generalization of the above and following equations to three dimensions being evident. The second assumption is a relation between the flux, , and the density. If one has a full theory for the particle motion (kinetic or microscopic), one may derive directly from the particle dynamics. However, if a theory is lacking or incomplete, it is customary to apply a phenomenological relation. The most common assumption is Fick's law [1] :
where D is the diffusion coefficient. This assumption can be justified for the transport of tracer particles in a homogeneous medium and in the absence of external forces. By tracers, we mean non-interacting particles whose motion does not affect the system state, e.g. any dilute component dissolved in water. In fact, Fick postulated his phenomenological law for the diffusion of salt in water, and he conjectured that the constant D might be a material property, depending on the physical characteristics of the medium and the transported quantity. However, Fick's law is often applied to situations where some of these conditions are not satisfied. Such is the case of inhomogeneous systems, e.g. when describing the transport of tracers with a temperature that depends on the spatial coordinate in an otherwise homogeneous medium. Often, Fick's law has been generalized for application to such systems by assuming a spatial dependence of the diffusivity coefficient:
∂n(x, t) ∂x .
Note that this equation predicts no net tracer flux when the density is uniformly distributed, which is at variance with numerous experimental observations (such as the particularly simple and clear example discussed in this paper).
To reconcile the experimentally observed fluxes with theory, often ad hoc convective terms (i.e., V (x) · n) or drifts are added to the particle flux, which in many cases are difficult to justify physically. However, the need for these drifts and their physical interpretation can be perfectly justified from a theoretical standpoint without such additional terms. Indeed, it has long been known (although widely ignored) that the diffusion of a population of tracers subject to a spatial inhomogeneity satisfies the so-called Fokker-Planck diffusivity law [2] [3] [4] [5] [6] ,
which includes a drift with velocity equal to −∂D/∂x, accounting in many cases for the experimentally observed fluxes. The main objective of this paper is to review those theoretical principles of the diffusion process that cause equation (4) often to be a better choice than Fick's law. We will also illustrate this fact by means of a particularly simple example. For the former, we use the framework of the continuous time random walk (CTRW) [7] , from which the Fokker-Planck diffusivity law can be obtained in the fluid limit. For the latter, we have designed a simple experiment, in which we bring two media with different diffusivity into contact, each of the two media initially containing the same concentration of tracer particles. Despite the initial uniform distribution of tracer particles, a net flux of particles from the high to the low diffusivity region is established spontaneously. The results from this experiment are compared to the predictions from the CTRW approach and the Fokker-Planck and Fick diffusivity laws.
Theory
Diffusion is a macroscopic process that reflects underlying random motion at a microscopic level. This idea was exploited by Einstein [8] to derive the law of diffusion from the random motion of particles in a homogeneous system. The idea that global diffusive transport is based on underlying random motion was later generalized in the so-called continuous time random walk (CTRW) formalism [9] (see appendix A).
The main result of this formalism is the generalized master equation, which provides a probabilistic description of the microscopic motion. In the case of Markovian particle motion (in which each random step of every particle is taken from a probability distribution p without any influence from the past history of the system), this equation reads:
as previously derived at different generalization levels in [10] [11] [12] [13] . In spite of the apparent complexity of this integro-differential equation, its interpretation is easy. It states that the rate of change of particles at location x and time t is given by adding the new particles that arrive and subtracting those that leave, per time unit. Those arriving move in from another location x by a process with a probability given by p(x − x , x , t). The time scale governing the motion is given by τ D (x ) . Note that this equation is valid for inhomogeneous systems [12, 13] : the probability distribution p may either depend directly on (x , t), or indirectly, via a local system variable such as n(x , t). Equation (5) can easily be treated numerically-indeed, its numerical stability is far superior to that of partial differential equations. The price to pay is the lower speed of numerical computation.
How does equation (5) relate to the Fokker-Planck law of diffusion? The main idea here is to recognize that, since the particle motion will typically be the result of many additive little events (say, collisions), the central limit theorem of statistics predicts that p would typically tend to a Gaussian distribution [2] . Making this assumption, and in the limit of large distances (or small wave numbers k x −1 ), it is easily shown that the generalized master equation with non-constant diffusion can be approximated by (see appendix B):
The approximation is valid when k √ Dτ D → 0. Small √ Dτ D implies local transport and small k implies the fluid or long wavelength limit. This should therefore provide a good approximation of standard transport by diffusion, in a situation in which small fluctuations have been smoothed out (k → 0), and when D is small due to the fact that individual particle steps are infinitesimally small. As we said before, this equation is not the same as what is expected from Fick's law but instead, expanding equation (6):
i.e. we recover transport from Fick's law plus an additional term proportional to the gradient of a flux, equal to n times the gradient of the diffusion coefficient. That is, particle transport is possible even if the density gradient is zero when the diffusion coefficient is inhomogeneous.
To check the validity of this result, we shall design and study both numerical and physical experiments in the following.
Analytical, numerical and physical experiments
In the present section, we design a numerical experiment to test the behaviour of the equations in a system in which the diffusion coefficient is non-homogeneous by construction. The system is purposely designed to be very simple to allow an analytical approach. Further on, we will perform an actual physical experiment with a high degree of similarity to the numerical experiment.
Analytical and numerical approaches
Consider an one-dimensional system with coordinate x ∈ −∞, ∞ . The system is characterized by two system parameters τ D = constant and
where (x) is the Heaviside function. The subscripts 'L' and 'R' refer to left and right, respectively.
. Initially, we set n(x, 0) = n 0 . The boundary conditions are that ∂n/∂x = 0 for x → ±∞. We attempt to find solutions to the diffusive transport equations.
First, consider the standard 'Fickian' transport equation:
This equation does not evolve away from the initial state n(x, 0) = n 0 , since evidently ∂n/∂x = 0 everywhere, so ∂n/∂t = 0. This is coherent with the idea that Fick's law does not produce any flux in the absence of gradients in the transported quantity. We note that this situation is problematic. Namely, consider the point x = 0. Particles some distance d to the left of x = 0 have a certain probability to reach the right system half in a given time interval, as specified via D L . Likewise, particles at the same distance d to the right of x = 0 have a probability to reach the left system half (given via D R ). This probability not being equal, there is a net flux right (or left) of particles originating at the same distance d left and right of x = 0. This situation persists (with the same sign) for all distances d from x = 0, so a net flux through x = 0 must necessarily be generated. This intuitive result is at variance with Fick's law. Second, consider the Fokker-Planck diffusivity law:
An analytical solution of this equation with the initial condition n(x, 0) = n 0 is:
(for x < 0) and
(for x > 0), where erf(x) is the error function. Continuity of the flux ∂(Dn)/∂x has been imposed at x = ± for → 0. This result assumes intermediate asymptotics [14] , i.e. it is only valid after an initial transient phase. These solutions are shown graphically in figure 1 with n 0 = 1, D L = 1.2 and D R = 2.9, for several values of t. Finally, we consider the numerical solution to the generalized master equation, equation (5) . This equation was solved directly, applying reflecting boundary conditions at x = −1 and x = 1 to avoid particle loss effects at the boundary. The result is shown in figure 2 for a case with n 0 = 1 and D L /D R = 1.2/2.9. Both the times t and the distances x indicated in the figure are in arbitrary units. The initially flat concentration profile (n(x, 0) = constant) is seen to evolve a gradual transition.
A physical experiment
The numerical experiment described in the previous subsection can be carried out in practice. To do so, we need particles and a medium with adjustable viscosity through which they can diffuse. The medium chosen is water with gelatine. The more gelatine is added to the water, the more viscous it will become, without losing its transparency. For particles, we use food colouring. About 2 ml of green food colouring was dissolved in 1 litre of pure water to create a solution with a reference concentration of n = 2. Diluting a half-litre aliquot of this liquid with another half litre of pure water produced a solution with concentration n = 1. Clearly, pure water has a food colouring concentration of n = 0. One satchel of Dr Oetker gelatine was added to half-litre aliquots of each of the three solutions, producing a total of six different solutions: three with gelatine (low D) and three without gelatine (high D). Different combinations of these six liquids were poured into flat 50 mm long glass vessels glued onto a glass plate to create one null-experiment (A) and four diffusion couple experiments (B-E). (See table 1 and figure 3.) Gelatine solutions were poured into the vessels, filling them about halfway, and then left to set in a refrigerator for about half an hour before the second amount Solution n = 1 Solution n = 0 plus gelatine plus gelatine of solution was added. After filling all vessels with different solution combinations, they were sealed with glue, so that the glass plate could be placed horizontally on a flatbed scanner after about 8 h drying time of the glue. The horizontal placement of the experiment eliminated any perturbing influence due to gravity. Scans with 600 pixels in −1 resolution were made of the set of experiments at time intervals of about 24 h. The digital images were converted to black-and-white grey-scale images for analysis with the public domain program NIH-Image by the USA National Institute of Health. Colour intensity profiles (brightness as a function of position x) were measured, avoiding reflections. The colour intensity profile of the null experiment (A, n = 2 throughout) was used to calibrate the profiles of the other experiments and correct for uneven illumination. It was assumed that the colour intensity is linearly proportional to the concentration n of the food colouring. Experiment C was used to determine the diffusion coefficient for the gelatinous liquid. In this case, the analytical solution of the diffusion equation (which is identical for 'Fickian' diffusion and for the approximation of the generalized master equation, since D = constant) is, starting from an initial step function n(
We obtain a value D = 1.1 ± 0.1 mm 2 h −1 = (3.1 ± 0.3) × 10 −10 m 2 s −1 , and found that the zero time point of the experiment was located 4 h after the nominal start of the experiment, which may be related to the setting process of the gelatine.
In this paper we concentrate on experiment D, which started off with a constant n(x, 0) = 1 (after normalization) throughout, but with slow diffusion in the bottom half with gelatine and faster diffusion in the top half without gelatine. A darkening of the solution just below the boundary of gelatinous and non-gelatinous liquid was already visible within 8 h and spread in subsequent hours ( figure 3 ). This shows that food colouring diffuses towards the gelatinous liquid, creating a concentration gradient from an initially homogeneous concentration.
The brightness profiles of experiment D, after background correction, were then fitted to the analytical expression, equations (10) and (11) . This was much easier for the bottom half of the system (the stiffer half, with gelatine), due to the fact that the amplitude of the brightness profile was higher above the background noise level in this half. In this case, the initial time point of the experiment was found to coincide roughly with the nominal start time.
Figures 4-7 show the measured traces of the concentration of the food colouring after 8, 32, 56 and 80 h, along with the corresponding fits to the analytical solution, equations (10) and (11) fit to all four data traces, except near x = 0. Other deviations can be ascribed to imperfections in the background correction. Note that even without performing any fits, it is immediately obvious that Fick's law is not obeyed in this experiment, since the initial food colouring is homogeneous: Fick's law would predict that the food colouring should remain homogeneous throughout the experiment. What we observe, on the contrary, is the spontaneous appearance of a relatively sharp transition centred on the interface between the two liquids having different gelatine concentrations and thus different D.
One may also observe that the transition is much smoother than the sharp transition predicted by the analytical solution, equations (10) and (11) . The scale of this feature (∼5 mm) is much larger than the experimental resolution (less than 0.1 mm), and must therefore be considered real. It is natural that the smoothness of this transition is not captured by the analytical solution (only valid in the limit √ Dτ D → 0), but it can be modelled by applying the exact generalized master equation directly (numerically). Concentration (a.u.)
x (mm) Figure 10 . Fit to GME at 56 h.
wrong to assume that Fick's law holds. Here, we have shown that Fick's law and the Fokker-Planck law correspond to different levels of approximation of the generalized master equation, and presented theoretical and experimental arguments that the FokkerPlanck law usually deserves preference to model the flux in inhomogeneous systems [2, 3, 7] . In spite of this, it is rather a common practice to apply Fick's law even to problems for which the underlying assumptions are not satisfied. In this situation, additional drifts must then be added to the transport equations in order to reproduce the experimental observations, which however are difficult to interpret physically. This difficulty could however easily be overcome by choosing the appropriate level of approximation and making a proper choice for the particle flux, as we have illustrated in this paper by means of a very simple example. We hope that the present paper may aid in clarifying and understanding this issue. Concentration (a.u.)
x (mm) Figure 11 . Fit to GME at 80 h.
Appendix A. The continuous-time random walk
The classical one-dimensional continuous-time random walk (CTRW) model [9, 10] consists of particles or walkers that wait in their position x for a lapse of time t and then take a step of size x. t and x are drawn from a joint probability density function (pdf) ξ . This joint pdf then depends, in its most general form, on the space and time coordinates of both the origin and the destination of each particle jump: ξ(x − x , x ; t − t , t ) specifies the probability that the particle makes a jump of size x = x − x , from x to x, after having remained a time t = t − t 0 at x . Conservation of probability requires that
The power of this 'probabilistic' transport model is that it is not necessary to specify the detailed physical interactions taking place. The kinetics of the motion are replaced by the probability distribution ξ , carefully chosen to retain sufficient detail and yield a useful model. For simplicity, we assume in the present work that the particle motion is Markovian (no memory of past events is retained in the individual motion), so that the waiting time distribution is exponential. This leads to the following expression for ξ :
We note that the CTRW modelling framework also allows for other choices of the function ξ , with very interesting consequences (e.g. subdiffusion), which are however beyond the scope of this paper [15, 16] . The distribution p can in principle take on a variety of forms (e.g. Lévy distributions), but in the current work we restrict ourselves to Gaussian distributions, since here we are only interested in the generalization of diffusion to inhomogeneous systems. The above starting points are sufficient to deduce a time-evolution equation for the particle density n(x, t) (i.e. the particle probability density function, multiplied by the total number of particles in the system), as shown in the previous work [12, 13, 17] . The derivation presented in detail in the cited references treats the general case in which the distribution p depends on space and time (either directly or via other system parameters, such as n), and provides an extension to inhomogeneous systems of the existing CTRW theory. This development allows us to treat diffusion in inhomogeneous systems here in a fundamental way. In an unbounded system one obtains the following result, known as the generalized master equation:
Appendix B. The fluid limit of the GME
We shall restrict ourselves here to Gaussian distributions for p, since we will only consider 'standard' diffusion. To obtain the fluid limit of the generalized master equation with non-constant diffusion we proceed as follows [13, 18, 19] 
